Introduction
There are good reasons to find "eventually periodic solutions" of difference equations of the form x n F n, x n−1 , x n−2 , . . . , x n−m , n ∈ {0, 1, 2, . . .}.
1.1
For instance, the well-known logistic population model
x n λx n−1 L − x n−1 , n ∈ {0, 1, 2, . . .} 1.2 is of the above form, and the study of the existence of its periodic solutions leads to chaotic solutions. As another example in 1 , Chen considers the equation in which σ ∈ R is a constant which acts as a threshold. Chen showed that all solutions of 1.3 are eventually periodic and pointed out that such a result may lead to more complicated dynamical behavior of a more general neural network. Recently, Zhu and Huang 2 discussed the periodic solutions of the following difference equation:
x n ax n−1 1 − a f x n−k , n ∈ {0, 1, 2, . . .}, 1.5
where a ∈ 0, 1 , k is a positive integer, and f : R → R is a signal transmission function of the form 1.9 . In particular, they obtained the following theorem. In this paper, we consider the following delay difference equation:
x n a n x n−1 b n f x n−k , n ∈ {0, 1, 2, . . .}, 1.7 where {a n } ∞ n 0 and {b n } ∞ n 0 are positive ω-periodic sequences such that a n b n ≤ 1 for n ≥ 0. The integer k is assumed to satisfy k lω 1, 1.8
for some nonnegative integer l. The function f can be chosen in a number of ways. Here, f is a filtering function of the form
where the positive number κ can be regarded as a threshold term. Therefore, if ω 1, then a n a, b n b, and k l 1 so that 1.7 reduces to
x n ax n−1 bf x n−l−1 , 1.10 which includes 1.5 as a special case.
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When l 0, we have x n ax n−1 bf x n−1 , 1.11 which will also be included in the following discussions. Let Ω denote the set of real finite sequences of the form
, then we may compute x 0 , x 1 , . . . successively from 1.7 in a unique manner. Such a sequence x {x n } ∞ n −k is called a solution of 1.7 determined by φ ∈ Ω. Recall that a positive integer η is a period of the sequence {x n } ∞ n −k if x η n x n for all n ≥ −k and that τ is the least period of {x n } ∞ n −k if τ is the least among all periods of {x n } ∞ n −k . The sequence {x n } ∞ n −k is said to be τ-periodic if τ is the least period of {x n } ∞ n −k . In case {x n } ∞ n −k is not periodic, it may happen that for some N ≥ −k, the subsequence {x n } ∞ n N is τ-periodic. Such a sequence is said to be eventually τ-periodic. In other words, let us call
where N is some integer greater than or equal to −k. Then, {x n } ∞ n −k is eventually τ-periodic if one of its translates is τ-periodic.
We will seek eventually periodic solutions of 1.7 . This is a rather difficult question since the existence question depends on the sequences {a n }, {b n }, the "delay" k, and the control term κ.
Throughout this paper, empty sums are taken to be 0 and empty products to be 1. We will also need the following elementary facts. If the real sequence {x n } ∞ n −1 satisfies the recurrence relation x n a n x n−1 b n , n ∈ {0, 1, 2, . . .}, 1.12
and by induction,
Discrete Dynamics in Nature and Society where α 0,j j n 0 a n , j ∈ {0, 1, 2, . . .}.
1.15
Since {a n } and {b n } are positive ω-periodic sequences, we see further that
for i ∈ {0, . . . , ω − 1} and m ∈ {0, 1, 2, . . .}, and that
for i ∈ {0, . . . , ω − 1} and m ∈ {0, 1, 2, . . .}, where
Convergence of solutions
The filtering function f will return 0 for inputs that fall below 0 or above the threshold constant κ. For this reason, we will single out some subsets of Ω as follows:
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Let x {x n } ∞ n −k be the solution of 1.7 determined by φ ∈ Ω − . By 1.7 ,
By induction, we may see that
x n a n a n−1
2.5
By induction, we see that 0 < x n a n x n−1 b n ≤ a n κ b n ≤ κ, n ∈ {0, 1, 2, . . .}.
2.6
By 1.7 , we see that
x n a n x n−1 b n f x n−k a n x n−1 b n , n ∈ {0, 1, 2, . . .}.
2.7
In view of 1.18 , we see further that
where
Next, let x {x n } ∞ n −k be the solution of 1.7 determined by φ ∈ Ω . Then, by 1.7 ,
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x n a n a n−1 · · · a 0 x −1 , n ∈ {0, 1, 2, . . .}.
2.11
Although x −1 > κ, since 2.4 holds, we see that {x n } is a strictly decreasing sequence tending to 0. Hence, there is a nonnegative integer j such that so that x m ∈ κ, 1 . Next, let {x n } ∞ n −k be the solution of 1.7 determined by a φ ∈ Ω . As seen in the discussions immediately preceding Lemma 2.1, there is a nonnegative integer j such that {x j , x j 1 , . . . , x j k−1 } ∈ Ω * . If x n ∈ 0, κ for all n ∈ {j, j 1, . . .}, then as we have just explained, a translate { x n } of {x n } will satisfy 
2.17
Furthermore,
2.18
so that x 1 x 3 x 5 · · · and x 2 x 4 x 6 · · · and x 1 / x 2 .
Existence of eventually periodic solutions

Recall that
j−1 u are the zeroth, first, second, and so forth and the jth iterate of the function G u . Also, recall the fact that if {u n } ∞ n 0 is a sequence that satisfies u n 1 G u n , n ∈ {0, 1, 2, . . .}, 3.1 then {u n } is a τ-periodic sequence if and only if
For convenience, denote
Since α n β n α n a 1 · · · a n a 2 · · · a n b 1 a 3 · · · a n b 2 · · · b n ≤ 1, 3.4 8 Discrete Dynamics in Nature and Society we see that
Theorem 3.1. Let k lω 1, p τω − 1, and q σω − 1, where l, τ, σ ∈ {1, 2, . . . , k − 1}. Let
3.6
3.7
If κ ∈ I 1 p ∩ I 2 p, q and
has an eventually 2k p q -periodic solution {x n } ∞ n −k (which can be explicitly generated).
Proof. From the condition that l, τ, σ ∈ {1, 2, . . . , k − 1}, we have k − 1 ≥ ω. By 3.5 , we see that
3.9
Hence, κ < max{A 0 , A 1 , . . . , A ω−1 }. Thus, 0 < κ < min{1, max{A 0 , A 1 , . . . , A ω−1 }}. By Lemmas 2.1 and 2.2, we may look for our desired eventually periodic solution {x n } ∞ n −k determined by φ ∈ Ω * such that x 0 ∈ κ, 1 . Define g n u α n u α n β n for n ∈ {0, 1, 2, . . .}, h n u a n u for n ∈ {0, 1, 2, . . .}, 3.10 C. Hou and S. S. Cheng 9 and the mapping g by
We will show that
and that g maps D 0 κ, 1 into D 0 with a fixed point x * ∈ D 0 , where
The first assertion is easy to show. Indeed, since
3.14 we see that
3.15
We now show the second assertion. Note that the linear maps g n and h n satisfy
3.16
Let g n D 0 D n for n ∈ {1, . . . , k − 1}. Since φ ∈ Ω * and x 0 ∈ D 0 , it is clear that the solution {x n } of 1.7 satisfies x n g n x 0 , n ∈ {1, . . . , k − 1}.
3.17
Moreover, it is easy to prove that
Indeed, we have κ < α n κ α n β n g n κ < α n α n β n g n 1 < α n β n ≤ 1, n ∈ {1, 2, . . . , k − 1}.
3.19
That is, D n ⊂ D 0 holds for all n ∈ {0, . . . , k − 1}. Let n 1 be the largest integer such that x n > κ for n ∈ {0, 1, . . . , n 1 k − 1}. Then, from 1.7 , we can obtain
which implies that x n k−1 ∈ D n k−1 for n ∈ {1, 2, . . . , n 1 k}, where
3.21
Since κ ∈ I 1 p , we have
that is,
which shows that D n k−1 ⊂ D 0 for n ∈ {0, 1, . . . , p}. Thus, n 1 ≥ p and
In fact, from κ ∈ I 1 p , we have
3.25
and, by induction,
Then, it is easy to see that n 1 p.
Taking n p k in 3.20 , we have
3.27
Let n 2 be the largest integer such that x n 2k p−1 ∈ 0, κ for n ∈ {0, 1, . . . , n 2 }. Then, it follows from 1.7 that
for n ∈ {1, 2, . . . , n 2 k}. This implies that x n 2k p−1 ∈ D n 2k p−1 for n ∈ {1, 2, . . . , n 2 k}, where
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for n ∈ {1, 2, . . . , n 2 k}. Since κ ∈ I 2 p, q , we have
From 3.29 , we further have
By 3.8 , 3.24 , 3.28 , and 3.31 as well as κ ∈ I 2 p, q , we have
. . . which implies that n 2 q. In particular, taking n q 1 in 3.33 and 3.28 , we have, respectively,
3.34
Since g is a linear map sending D 0 into D 0 , then it is easy to see that it has a unique fixed point x * in D 0 which satisfies 3.13 . Next, we assert that there is a φ * ∈ Ω * such that the solution {x n } determined by φ * satisfies x 0 x * , and that {x n } is a periodic solution of 1.7 with minimal period 2k p q. To see this, we choose φ −1 x * − b 0 /a 0 and arbitrary φ −2 , . . . , φ −k ∈ 0, κ . Then, clearly, the solution {x n } of 1.7 determined by φ −k , . . . , φ −1 will satisfy x 0 x * . Furthermore, we may show that x −1 φ −1 ∈ 0, κ . Indeed, from κ < x 0 < 1, 
